M2-branes couple to a 3-form potential, which suggests that their description involves a non-abelian 2-gerbe or, equivalently, a principal 3-bundle. We show that current M2-brane models fit this expectation: they can be reformulated as higher gauge theories on such categorified bundles. We thus add to the still very sparse list of physically interesting higher gauge theories.
Introduction and results

M5
-branes interact via M2-branes ending on them. An effective description of M5-branes should therefore be a gauge theory describing the parallel transport of the one-dimensional boundaries of these M2-branes in the worldvolume of the M5-branes. This is where higher gauge theory [1, 2] enters the picture. In general, higher gauge theory with principal n-bundles captures the parallel transport of (n − 1)-dimensional objects.
It is known that the effective dynamics of a single M5-brane involves an N = (2, 0) tensor multiplet in six dimensions, which contains a 2-form potential B. Higher gauge theory naturally contains this 2-form potential, even in a non-abelian generalization: it is the gauge potential for the parallel transport of a one-dimensional object along a surface.
A Nahm transform is expected to connect the BPS sectors of effective descriptions of M2-and M5-branes and on loop space, such a transform was developed in [3] . This suggests that M2-brane models should also have a higher gauge theoretic formulation. A first step in this direction was made in [4] , where we showed that the 3-algebras underlying the Bagger-Lambert-Gustavsson (BLG) model [5] and the Aharony-Bergman-JafferisMaldacena (ABJM) model [6] are differential crossed modules. These differential crossed modules replace the notion of a gauge algebra in higher gauge theory with principal 2-bundles.
An important question remained open in [4] . In a higher gauge theory, the so-called fake curvature should vanish and it was not clear how to achieve this. In this letter, we solve this issue and show that the ABJM model (and therefore also the BLG model) is a higher gauge theory based on principal 3-bundles rather than principal 2-bundles.
This further categorification is motivated as follows: A vanishing fake curvature F for the specific differential crossed modules found in [4] requires the usual 2-form curvature F to vanish. This is clearly too strong a condition in the ABJM model. Here, we use the observation that a higher gauge theory on a principal 2-bundle with non-vanishing F can be reformulated as a higher gauge theory on a principal 3-bundle for which the fake curvature does vanish [7, 2] .
Additional motivation for the use of principal 3-bundles comes from recently constructed M5-brane models. They either make direct use of principal 3-bundles, as in the twistor construction of [8] , or, as in the case of the (1,0) superconformal theories of [9] , can be reformulated in terms of principal 3-or 4-bundles [10] .
Finally, as mentioned in the abstract, M2-branes couple to a 3-form potential, which suggests an underlying picture involving principal 3-bundles.
Our reformulation of the ABJM model as a higher gauge theory also exhibits another interesting feature. In many cases, the gauge transformations in higher gauge theory are so general, that the theory can be gauge fixed to an abelian or even a trivial theory. This happens for example in [11] , where teleparallel gravity was reformulated as a higher gauge theory. All configurations there were a priori gauge equivalent to the trivial configuration. However, the Lagrangian of the underlying theory broke the usual higher gauge symmetry, allowing for non-trivial configurations. We show that the same happens in the case of the ABJM model. So far, very few examples of physically interesting higher gauge theories have been found. Most prominent amongst these are teleparallel gravity [11] and the BF-models as studied e.g. in [12] . Our reformulation of the ABJM model adds another example to this very short list.
Higher gauge algebras
From hermitian 3-Lie algebras to differential crossed modules
We start by briefly reviewing one of the results of [4] , where we showed that hermitian 3-Lie algebras 1 are so-called differential crossed modules, which, in higher category theoretical terms, correspond to strict Lie 2-algebras. We stress here that n-Lie algebras are different from the categorifications of Lie algebras leading to Lie n-algebras. The latter appear as structure Lie n-algebras in principal n-bundles.
A hermitian 3-Lie algebra where a, b, c ∈ a. Because of (2.1), the span of these D(a; b) forms indeed a complex Lie algebra, which we call the Lie algebra of inner derivations of a, der(a). One can impose reality conditions on the D(a; b), e.g. by combining them intoD(a; b) = D(a; b) − D(b; a), cf. [14] . A particularly important example of a one-parameter family of metric hermitian 3-Lie algebra [13] is the case where a ∼ = gl(N, C) as a vector space,
for a, b, c ∈ a and κ ∈ R. The (real) Lie algebra of inner derivations, which is the span of theD(a; b), is given by u(N ) × u(N ). This example underlies the ABJM model 2 [6] .
As shown in [14] , hermitian 3-Lie algebras can be derived from a metric Lie algebra g = der(a) and a faithful complex unitary representation a. Such representations form special cases of differential crossed modules.
A differential crossed module is a pair of Lie algebras g, h together with a map t : h → g and an action of g onto h. We demand that t is equivariant and that the so-called Peiffer identity holds:
for all g ∈ g and h, h 1 , h 2 ∈ h. A straightforward example of a differential crossed module is the differential crossed module of inner derivations of a Lie algebra g. Here, we put h = der(g) ∼ = g, is the adjoint action and t is the identity. Clearly, the above example of a hermitian 3-Lie algebra is such a differential crossed module: We put h = gl(N, C), regarded as an abelian Lie algebra, i.e. as a vector space
t is trivial and is given by the left-and right-product 3 of elements of u(N ) L and u(N ) R , respectively. We denote this differential crossed module by m ABJM (N ).
Inner derivation 2-crossed modules
Just as a Lie algebra comes with a differential crossed module governing the action of inner derivations, a differential crossed module (or strict Lie 2-algebra) comes with a differential 2-crossed module of inner derivations 4 as implied e.g. by the results of [15] . In higher category theoretical terms, differential 2-crossed modules are certain Lie 3-algebras, which must not be confused with 3-Lie algebras.
Recall that a differential 2-crossed module [16] is a triple of Lie algebras l, h, g arranged in a normal complex l
There are g-actions onto h and l by derivations. The Peiffer identity t(
is now lifted by a g-equivariant bilinear map, called Peiffer lifting and denoted by {−, −} : h × h → l. These maps satisfy the following axioms for all g ∈ g, h, h 1 , h 2 , h 3 ∈ h and , 1 , 2 ∈ l:
Given a differential crossed module ht −→ g with action˜ : g×h → h, the corresponding differential 2-crossed module of inner derivations, denoted der ht −→ g , has the underlying normal complex [15] h
Recall that the Lie bracket on g h reads as
The maps t are defined as
the g-actions and the Lie bracket on h are given by g h := g˜ h and
and the Peiffer lifting reads as
for all g, g 1 , g 2 ∈ g, h, h 1 , h 2 ∈ h. One readily checks that this structure satisfies the axioms of a differential 2-crossed module.
Inner derivations of m ABJM (N )
The inner derivations of m ABJM (N ) are captured by a differential 2-crossed module that is constructed from m ABJM (N ) as described in the previous section. To simplify the discussion, let us use the following picture: We consider a chain complex of block matrices
12) where the two maps t : h → g h and t : g h → g read as
respectively, for g L,R ∈ u(N ) and h ∈ gl(N, C). All g-actions as well as the Lie algebra commutators are given by the corresponding matrix commutators. The Peiffer lifting is defined as
where g L1,2 , g R1,2 ∈ u(N ) and h 1,2 ∈ gl(N, C). As a consistency check, one can easily verify that this Peiffer lifting indeed captures the failure of the Peiffer identity according to
We will denote this differential 2-crossed module by der(m ABJM (N )).
General higher gauge theory
We will need the basics of the local description of higher gauge theory by a connective structure on a trivial principal 3-bundle over M = R 1,2 . The detailed picture for gauge theory on principal 3-bundles was developed in [8] , see [17] for a partial earlier account. Let us work for the moment with a general differential 2-crossed module l t → h t → g, we will restrict ourselves to the case der(m ABJM (N )) in the next section.
Consider 1-, 2-and 3-form potentials A ∈ Ω 1 (M, g), B ∈ Ω 2 (M, h) and C ∈ Ω 3 (M, l). From these, we construct the corresponding field strengths 
where γ is a function on M taking values in a Lie group G with g = Lie(G), Λ ∈ Ω 1 (M, h) and Σ ∈ Ω 2 (M, l). Moreover, we used abbreviations∇ := d+Ã and∇ 0 := d+ Ã +t(Λ) . For the higher gauge theory to describe a parallel transport of membranes along threedimensional volumes that is invariant under reparameterizations of the volume, the socalled fake curvatures have to vanish:
Together with the Bianchi identity for F , F − t(B) = 0 implies that t(H) = 0. Coupling matter fields to this gauge structure is not straightforward. Assume a matter field φ behaves asφ := g φ under gauge transformations. The corresponding covariant derivative then does not transform as ∇φ = g (∇φ) due to the modified transformation of the gauge potential A, cf. (2.17). There are essentially two solutions to this problem: First, we can impose additional conditions on the matter fields, such as e.g. t(φ) = 0, which is appropriate in the case of principal 2-bundles [18, 8] . The other possibility is to restrict to so-called ample gauge transformations with t(Λ) = 0, cf. [4] . This will turn out to be the appropriate condition for the ABJM model. N ) ), where the action of the gauge potentials on matter fields corresponds to the matrix commutator. Besides this, there is also the ordinary matrix product between matter fields and their adjoints, which we will need for the potential terms in the ABJM model.
The ABJM action can then be written in the following way:
where ∇ = d + A and η = −σ 3 ⊗ 1 N yields a metric of split signature on the gauge algebra u(N ) × u(N ). By tr (−), we mean the trace in the matrix representation (2.12). The potential is given by
2) This theory exhibits N = 6 supersymmetry and it has passed some highly non-trivial tests as an effective description of M2-branes.
Next, we extend this action to implement the fake curvature conditions (2.18), introducing 2-and 3-form potential B ∈ Ω 2 (R 1,2 , g h) and C ∈ Ω 2 (R 1,2 , h). In the matrix representation (2.12) of der(m ABJM (N )), the fake curvature conditions amount to
for some b, c ∈ gl(N, C), where A L and A R are the first and second block diagonal entries of A and
. Note that because of t(H) = 0, H has no block diagonal entries.
To enforce (3.3), we introduce Lagrange multipliers λ 1 ∈ Ω 1 (R 1,2 , g), λ 2 ∈ Ω 0 (R 1,2 , g h) and λ 3 ∈ Ω 3 (R 1,2 , g), adding the following terms to the action 5 :
Varying with respect to λ 1 and λ 2 , we obtain
where t * is the adjoint to t. This map is the trivial embedding of g into g h. Because H − t(C) is a block off-diagonal in g h, (3.5) reduces to
Varying S HGT with respect to λ 3 and C, we have
where t * is here the obvious projection of g h onto h. Finally, varying the action with respect to B yields t * (λ 1 ) + ∇λ 2 = 0 , (3.8)
which implies λ 1 = 0 due to λ 2 = 0. Varying S HGT with respect to the gauge potential, we obtain the usual equation of motion of the ABJM model plus terms containing the Lagrange multipliers λ 1 and λ 2 . Since both vanish on-shell, we recover
where γ = γ i dx i . The equations of motion for the matter fields remain obviously those of the ABJM model. Note that the four-form curvature G trivially vanishes, as our trivial principal 3-bundle lives over R 1,2 .
Altogether, the action S HGT yields the equations of motion of the ABJM model, together with the fake curvature conditions (3.3). We therefore reformulated the ABJM model as a higher gauge theory.
Supersymmetry and gauge symmetry of the ABJM model are trivially preserved, if we demand that λ 1,2,3 transform appropriately. Explicitly, we can demand that the fields B and C transform in the same way as t * (F ) and t * (H), which renders the fake curvature conditions invariant under supersymmetry. The Lagrange multipliers can then be chosen to be invariant under supersymmetry, too.
Gauge transformations should act on the Lagrange multipliers as 10) where γ ∈ Ω 0 (M, G) and Λ ∈ Ω 1 (M, g h) are the gauge parameters. The second term in the λ 1 transformation renders the action gauge invariant off-shell. The 2-and 3-form potentials B and C transform as specified in (2.17) . Note however, that the ABJM model is not invariant under the general tensor transformations parametrized by Λ in (2.17). In particular, the equation of motion for the 2-form curvature (3.9) breaks this symmetry. We are therefore left with the ample gauge transformations, which are parametrized by a Λ with t(Λ) = 0. This solves a common problem when working with higher gauge theories: In many cases, e.g. if t : h → g is surjective, the potential 1-form A can be gauged away by a tensor transformation, leaving an abelian theory. This is not possible if these transformations are broken down to the ample ones.
The same observation was made in [11] , where teleparallel gravity was reformulated as a higher gauge theory. Here, all field configurations can be gauge transformed away by tensor transformations. However, the action of the theory is not invariant under these symmetries, leaving only the usual group-valued gauge transformations.
The Σ-transformations in (2.17) affect only the new terms added to S ABJM , which contain the Lagrange multipliers. All these terms are invariant under these transformations.
ABJ-model
The ABJ model [19] is a Chern-Simons matter theory closely related to the ABJM model and also invariant under N = 6 supersymmetry. We follow precisely the same formulation as above, merely replacing m ABJM (N ) by m ABJ (N 1 , N 2 ) , which is the differential crossed
We then obtain a differential 2-crossed module of inner derivations, which we can represent in terms of matrices as
(3.11) It does not seem possible to use more general types of differential crossed modules to obtain N = 6 Chern-Simons matter theories. The hermitian 3-Lie algebras underlying such models seem to be very rigid. Note in particular that, as shown in [20] , the only hermitian 3-Lie brackets that can be written as products of matrices and their adjoints are of the form (2.4).
BLG model and generalizations
We can restrict the ABJM model to the Bagger-Lambert-Gustavsson model [5] by restricting to m ABJM (2) and imposing a reality condition, reducing (gl(2, C), u(2) × u(2)) to (su(2) ⊕ i u(1), su(2) × su (2)). This turns the hermitian 3-Lie algebra into the (real) 3-Lie algebra A 4 , which is a real four dimensional vector space with totally antisymmetric 3-bracket [e µ , e ν , e ρ ] = ε µνρσ e σ , The resulting action S HGT will have enhanced N = 8 supersymmetry. We can now reformulate this action in terms of 3-dimensional N = 2 superfields, cf. [20] , and replace the above differential 2-crossed module with a more general one. For example, we can use an inner derivation differential 2-crossed modules of a differential crossed module arising from a generalized 3-Lie algebra as constructed in [4] . The result is an N = 2 supersymmetric Chern-Simons matter theory. If one is interested in such theories that are conformal, then one can take these generalizations and add further interaction terms to the potentials as discussed in [21] .
